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ON THE LANGLANDS PARAMETER OF A SIMPLE 
SUPERCUSPIDAL REPRESENTATION: ODD 
ORTHOGONAL GROUPS 


MOSHE ADRIAN 

Abstract. In this work, we explicitly compute a certain family 
of twisted gamma factors of a simple supercuspidal representation 
7r of a p-adic odd orthogonal group. These computations, together 
with analogous computations for general linear groups carried out 
in previous work with Liu iAI.l 1! , allow us to give a prediction for 
the Langlands parameter of ir. If we assume the “depth-preserving 
conjecture”, we prove that our prediction is correct if p is suffi¬ 
ciently large. 
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1. Introduction 

Let G be a connected reductive group defined over a p-adic field F. 
Recently, Gross, Reeder, and Yu | GR1Q[ lRY13j have constructed a class 
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of supercuspidal representations of G — G (F), called simple supercus- 
pidal representations. These are the supercuspidal representations of 
G of minimal positive depth. 

Of interest is the Langlands correspondence for simple supercuspidal 
representations of G. Recall that the Langlands correspondence (or 
LLC) is a certain conjectural hnite-to-one map 

n(G) $(G) 

from equivalence classes of irreducible admissible representations of G 
to equivalence classes of Langlands parameters of G. In the past several 
years there has been much activity on the Langlands correspondence. 
DeBacker and Reeder [ DR09] have constructed a correspondence for 
depth zero supercuspidal representations of unramified p-adic groups, 
and Reeder [ R08j extended this construction to certain positive depth 
supercuspidal representations of unramified groups. Recently, under a 
mild assumption on the residual characteristic, Kaletha |K13| has con¬ 
structed a correspondence for simple supercuspidal representations of 
p-adic groups, and has verified that his correspondence satisfies many of 
the expected properties of the Langlands correspondence. Kaletha has 
subsequently [K15] extended these results to epipelagic supercuspidal 
representations of p-adic groups. 

Our present work is the first in a series of papers dedicated to ex¬ 
plicitly determining the Langlands parameter cp n of a simple super¬ 
cuspidal representation tt of a classical group G, using the theory 
of gamma factors. Let tt and r be a pair of irreducible representa¬ 
tions of G and GL n , where G is either S 02 £, SO21.+1 or Sp2i . Here, 
we assume that SO21 +1 is split and SC>2£ is quasi-split. Fix a non¬ 
trivial character ijr of F. The Rankin-Selberg integral for G x GL n 
was constructed, in different settings, in a series of works including 
|GPSR87l IG901IGPSR971IGRS981 ISou93] . If G is orthogonal, we de¬ 
note this Rankin-Selberg integral by $>(W,f s ), and &(W,<f),f s ) other¬ 
wise. Here, W is a Whittaker function for tt, f s is a certain holomor- 
pliic section of a principal series (induced from r) depending on the 
complex parameter s, and 0 is a Schwartz function. Applying a stan¬ 
dard normalized intertwining operator M*(r,s) to f s , one obtains a 
similar integral $*(W,f s ) = ^(H 7 , M*(t, s)f s ) if G is orthogonal (and 
< L*(H / , <j>, f s ) = $(W, </>, M*(t, s)f s ) otherwise) related to <3>(W, f s ) (or 
Q{W, </>, f s )) by a functional equation 

f 1 (s,ttxt,^(WJ s ) = ^(WJ s ) if G = S 0 2 e +1 

< 7 (s,tt x T,ij})$(W, f s ) = c(s,£,r, 7 )<F*(lK, f s ) if G = S 0 2 e 

I 7(s,7T x T,ij)$(W,<i),f a ) = fs) if G = Sp 2 £ 
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For an accessible paper discussing all of these functional equations, 
we refer the reader to the recent work of Kaplan IKldiij . 

The term y(s, 7 rxr,^) is known as the gamma factor of 7 r x t, and 
is the key ingredient in determining p n in this paper. To determine ip n , 
one must locate the poles of the gamma factors y(s, 7 r x r, where r 
ranges over the supercuspidal representations of various general linear 
groups. The location of poles will determine the isobaric constituents 
of a specific functorial lift II to a general linear group GL , the lift cor¬ 
responding to the standard L-homomorphism L G —y L GL (see [ ACS141 
§2]). In the case of simple supercuspidal representations 7r of a classical 
group G , it is expected that the isobaric constituents of II are either 
tamely ramified characters of GL 1 , or simple supercuspidal representa¬ 
tions (for p large, this can be seen from the so-called “depth-preserving 
conjecture”; see §|8]). We can then use the explicit local Langlands cor¬ 
respondence for simple supercuspidal representations of general linear 
groups (see [AL141 IBHlOl l'BHl3] ) to determine 

While describing the Langlands correspondence explicitly is in gen¬ 
eral a difficult task, in the simple supercuspidal setting it turns out to 
be tractable. To explain our approach, we first make some observa¬ 
tions. If 7 T is a simple supercuspidal representation of a classical group, 
it is expected (as remarked earlier) that its Langlands parameter p n 
decomposes as an irreducible subrepresentation 1 (that corresponds 
to a simple supercuspidal representation of a general linear group under 
LLC) and a (possibly empty) direct sum of tamely ramified one¬ 
dimensional subrepresentations. Using this prediction as our guide, we 
can describe our method to fully determine p n in two steps. The first 
is to compute the gamma factor 7 (s, 7 r x t, ^), where r is any tamely 
ramified character of GL\. This computation will determine p n p. By 
multiplicativity of gamma factors, it will also yield a prediction for a 
specific simple supercuspidal representation cr (whose associated Lang¬ 
lands parameter is p-n,\) that is an isobaric constituent of If, leading 
to step two. In step two, one computes y(s, 7 t x cr,if) in order to prove 
that a is indeed such a constituent. We can then use LLC for sim¬ 
ple supercuspidal representations of general linear groups to determine 

Pi r,T 

We now give more details on these steps in the case of G — S0 2 e+ 1 , 
which is the central concern of this paper. The simple supercuspidal 
representations of G are parameterized by two pieces of data: a choice 
of a uniformizer w in F, and a sign. More explicitly (see SJ5J), let y 
be an affine generic character of the pro-unipotent radical I + of an 
Iwahori /. The choice of a uniformizer w in F determines an element 
g x in G which normalizes / and stabilizes y. We can extend y to 
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K = (g x )I + in two different ways, since g\ — 1, and n = Ind^-y is 
simple supercuspidal. 

Let r be a tamely ramified character of GL\. Our main result (The¬ 
orem E2D is 

Theorem 1.1. 

7 (s,tt x r,0) = x(^ x )r(-w)g 1/2 " s . 

In particular, since there are no poles in 7 (s,vr x r, 0), there can 
be no tamely ramified character of the Weil group Wf appearing as 
a summand of p 1X . In particular, it is therefore expected that p n is 
irreducible. Therefore, on the one hand, the computation of y(s, n x 
r,-0) determines no part of p n . On the other hand, it does tell us 
precisely what the Langlands parameter should be, as follows. 

By the results of [AL14 , IBH13J (see in particular [ AL14L Remark 
3.18]), there exists a unique irreducible 2 £-dimensional representation 
p : Wp —y GL(2£, C) with trivial determinant, whose gamma factor 
7 (s, p x r, 0) equals x(g\) T (~ zu )q 1 ^ 2 ^ s f° r every tamely ramified char¬ 
acter r (we give more details on this in §1]). The Langlands parameter 
p has been explicitly described in [AL14I, BH10 :. IBH13j . In the case 
that p j 2£, let us briefly recall this description (here we follow | AL14j ). 

Let w be a uniformizer of F, let wp be a 20 h root of zu, and set 
E = F{vje)- Relative to the basis 

1t—\ „ 2i-1 „ -i 

^E i^E ) ' ' ' ) WE) 1 

of E/F , we have an embedding 

t:E x -A GL 2£ . 

Dehne a character £ of E x by setting £| 1+Ps = A o t, where A (A) : = 
'ip(A 1 2 +A 2 3 +—+A 2 e-i, 2 e+^A 2 e,i), for A = (A)^ e GL 2£ . Moreover, we 
dehne £| fc x = (xe/fI^x ) -1 , where xp/p = det(Ind^(lg)), lp denotes 
the trivial character of Wp , and kp is the residue held of F. Finally, 
we set 

£(^e) = x(^ x )Ae/f(0) _1 , 

where A _e/f(0) is the Langlands constant (see [BH06, §34.3]). Then 
p = Ind^’£. The proof that p^ = p boils down to the computation of 
7(s,7r x II, 0), where II is the simple supercuspidal representation of 
GL 2£ corresponding to p under LLC, and will be carried out in future 
work. This is our “step two” described above. On the other hand, if 
we assume the “depth-preserving conjecture”, we can easily prove (see 
Corollary 18.ip that p n = p for p sufficiently large. 
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The cases of SO 21 and Sp 2 i are in some sense similar. For exam¬ 
ple, suppose that G = S0 2 i- Let n be a simple supercuspidal rep¬ 
resentation of G, and let be its Langlands parameter. Again, it 
is expected that decomposes as an irreducible subrepresentation 
</Vi (that corresponds to a simple supercuspidal representation under 
LLC) and a (possibly empty) direct sum of tamely ramified one¬ 
dimensional subrepresentations (again, for p large, this can be seen 
from the “depth-preserving conjecture”). It is known that all sum¬ 
mands must be self-dual. Therefore the computation of 7(s,7r x r,-0), 
where r is a quadratic and tamely ramified character of GLi will de¬ 
termine <p n , 2 - The computation of 7 (s,vr x where r is tamely 

ramified and not quadratic, will give a specific prediction (as in the 
case of SO 2 e+i ) for Then one must perform “step two” by cal¬ 

culating 7(s,7r x II, ip), where fl is the unique simple supercuspidal 
representation (with trivial central character) of a certain general lin¬ 
ear group such that q(s, fl x t, -0) = 7 (s, 7 r x r, -0) for all tamely ramified 
characters r of GL\. 

We now summarize the contents of the sections of this paper. In 
§21 we recall the functional equation for odd orthogonal groups as in 
|Sou93j . In jjU we recall a construction of simple supercuspidal repre¬ 
sentations of GL n as well as their tamely ramified GLi-twisted gamma 
factors. I 11 (|5l we give a construction of simple supercuspidal represen¬ 
tations of odd orthogonal groups that may be used in computing the 
Rankin-Selberg integrals from (J3l I 11 (J6]and (JjO, we compute a family of 
Rankin-Selberg integrals that allow us to explicitly compute the tamely 
ramified GLi-twisted gamma factors of a simple supercuspidal repre¬ 
sentation of S02£+i- The main result on the values of these gamma 
factors is Theorem 17.21 which allows us to predict the Langlands pa¬ 
rameter of a simple supercuspidal representation of an odd orthogonal 
group. Finally, in jJHJ we show that if we assume a conjecture on depth 
preservation, then our prediction for the Langlands parameter is indeed 
the correct Langlands parameter. 

Acknowledgements. This paper has benefited from conversations 
with Benedict Gross, Tasho Kaletha, and Eyal Kaplan. We thank 
them all. 


2. Notation 

Let F be a p-adic held, with ring of integers 0 , maximal ideal p, 
kp = o/p, let q denote the cardinality of kp, and fix a uniformizer w. 
We normalize measures dv and d x v on F and F x by taking vol(o) = q 2 
and vol{ o x ) = 1. Throughout, we fix a nontrivial additive character 
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ip : F —> C x that is trivial on p but nontrivial on o. Given a connected 
reductive group G defined over F, let G = G (F). We also let Wp 
denote the Weil group of F. 


3. The local functional equation for odd orthogonal 

GROUPS 


In this section we recall the functional equation for odd orthogonal 
groups, as in [Sou931 §1.3, §9.6, §10.1]J3 

1 N 


Let denote the i x i matrix 


We define 


(3.1) S0 2 £ + \ — {g G GL 2 £+i ■ det(g) — 1, t gJn+i9 — Ju+i) , 


(3.2) S0 2 e — {g G GL 2 £ : det(g) — 1, t gJ 2 eg — J 2 t} ■ 

Let Tso 2l be the split maximal torus of S0 2 i. Let A so 2 e be the standard 
set of simple roots of S0 2 i, so that A so 2e = {ei — £ 2 , •••, Q-i — Q, Q-i + 
ei}, where e*(f) = t t is the i-th coordinate function of t G Tgo 2r Let 
Qn be the standard maximal parabolic subgroup of S0 2 £ corresponding 
to A \ { q_i + ei}. The Levi part of Qi is isomorphic to GL £ , and we 
denote its unipotent radical by Ug. 

Let Tso 2e+1 be the split maximal torus of S0 2 £ + \. let A so 2l+1 be 
the standard set of simple roots of SOm+i, so that A so 2e+1 = {fi — 
e 2 , ..., e£_i — €e, ei}. The highest root is e\ + e 2 . Let Uso 2e+1 denote the 
subgroup of upper triangular unipotent matrices. 

Let ip be a nontrivial additive character of F. We let UcL t denote 
the maximal unipotent subgroup of GLi consisting of upper triangular 
matrices. We also denote by ip the standard nondegenerate Whittaker 
character of 

ip(u) = ip 

for u = ( Uij ) eU GLr 

Let r be a generic representation of GL e . We denote by W(r, ip) the 
Whittaker model of r with respect to ip. 

For s G C, define 

V^‘(W(T,i’),s) = Iiidg°”(W(T,V>)|det|*- 1 '' 2 ). 



Where is actually a typo in |Sou93l as observed in |K14iil Remark 3.1]. However, 
this does not affect our present work (see Remark EO) . 
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Thus, a function f s in V r Q^° M (W(r, 0), s ) is a smooth function on S0 2 eX 
GLi, where for any g G S0 2 e, m G Qe, and u in the unipotent radical 
U(, we have 


(3.3) 


_2 

f 8 ((mug,a) = \det(m)\ s+ ~ f s (g, am), 


and the mapping a i-A f s (g,a) belongs to W(r, 0). 

We now let £, n G N such that £ > n. Let Uso 2l+ 1 denote the sub¬ 
group of upper triangular unipotent matrices in S0 2 i+i- We use the 
notation ifj again to define a non-degenerate character on Uso 2e+1 by 


V’('u) = 



Let 7 T be a generic representation of SO 21 +1 with respect to -0- We 
shall denote by W(7r, ■0) the Whittaker model of 7 r with respect to 0. 
Let r be a generic representation of GL n with respect to 0. 

In computing 7 -factors, we will be interested in the following local 
integrals (see |Sou93| k 


Hwj s ) 


1 Uso 2 \S0 2n Jx 


W(xj n i(h))f s (h, I n )dxdh, 


(n,i) 


where W G W( 7 r, 0), f s G VQ° 2n (W(T, 0 _1 ), s), and where dh is a fixed 
right-invariant Haar measure on the quotient space Uso 2n \ S0 2n , and 
dx is the product measure inherited from dv. 

Here, j n / : S0 2n —>• SO 2 i + \ is the map 


(A B 
\C D 


X(n/) ~ 




B 

1 — y 

r 

h(t-n)+l 



\ C 

D 

fin 




y h-r. 


\ 

L: n 

y' In) 


G SO21+I1 


G SO 21+1- 


Note that y G F l ~ l is a column vector, and y' G is a row vector. 
Moreover, the notation 1 / means that these coordinates are determined 
by the coordinates of y, according to the matrix defining SOm+i- 
Now let n be odd. We define an intertwining operator by 
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where 


M(T,s)f 8 (h,a ) 


l_f s (uw n l h, a)du, 

Ju n 




£ S02ni 


and where U n is the opposite unipotent radical to U n . 

Then we will also be interested in the integrals (see |Sou93, §9.6]) 
<h*(lT, / s ), where 


$*( W,f 8 ) 

:= 7(2s - l,r, A 2 ,VO [ [_ W(c n/ xj n/ (h)5 0 u')M(T,s)f s ( w h,b* n )dxdh. 

JUs0 2n \S02n. JX^ n P) 

Here, if g G GL n , then g* = Jng~ l J n . Moreover, 

c n.( diag(I n , /^_ n , 1, /^_ n , / n ) G 5 i 02£+i, 

<5 0 = diag(Ii, -1 ,/*), 

b n = diag(l, -1,..., -1,1) G GL n , 


to = 


(In -1 


V 


^2(£-n)+l 


\ 


In -1 / 


ca = 


(In-1 \ 

0 1 
1 0 

V 4-i/ 

We then have the functional equation for odd orthogonal groups. 


Theorem 3.1. [ Sou93 . . §10.1] 

(3.4) 7 ( S ,7T x T,if>)${WJ 3 ) = ®*(WJ S ). 

Remark 3.2. In [K14iil Remark 3.1] it was observed that there is a 
typo in |Sou93| having to do with the Whittaker space for tt. However, 
as noted in the same remark, this typo only needs to be fixed in the case 
that l < n. Since we are at present only considering n = 1, we may 
still follow the notation and integrals from [Sou93] . 
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4. The simple supercuspidal representations of GL n 


In this section we review the definition of a simple supercuspidal 
representation of GL n , as in |AL14 j (see also [KL15j h We then recall 
the values of a family of its twisted gamma factors, in order to predict 
the Langlands parameter of a simple supercuspidal of S0 2 t+i- 

Let GL n = GL n (F), Z the center of G, K = GL n (o) the standard 
maximal compact subgroup, / the standard Iwahori subgroup, and I + 
its pro-unipotent radical. Fix a nontrivial additive character -0 of F 
that is trivial on p and nontrivial on o. Fix a uniformizer w in F. 
Let U denote the unipotent radical of the standard upper triangular 
Borel subgroup of GL n . For any u G U, we recall from (J3]the standard 
nondegenerate Whittaker character 0 of U: 

^ 2 , 2+1 I • 


f n -1 

0(w) = 0 l 


. i— 1 


Set H = ZI + , and fix a character to of Z = F x , trivial on 1 + p. 
For t G o x /(1 + p), we define a character x '■ H —> C x by x(zfc) = 
u{z)i){ri + r 2 ... + r n __i + r n ) for 


/ x 1 n * ■ ■ ■ \ 

* X 2 r 2 ■■■ 

* r n - 1 

V • • • x n J 


The compactly induced representation n x := clnd^y is then a direct 
sum of n distinct irreducible supercuspidal representations of GL n . 
They are parameterized by (, where ( is a complex n th root of uj(uj), 
as follows. Set 


/ 0 1 \ 

1 

9x = 

1 

\ w 0 / 

and set H' = (g x )H. Then the summands of i\ x are 

:= clndg,x c 

where Xcidp 1 ) — ( 3 x(h), as C runs over the complex n th roots of u(zu). 
The cr£ are called the simple supercuspidal representations of GL n . 
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Finally, for the simple supercuspidal representation cr£, we may de¬ 
fine a Whittaker function on GL n by setting 



This function is well-defined, by definition of ip and X(- Using this 
Whittaker function, it turns out to be not so difficult to compute 
the Rankin-Selberg integrals that arise in the definition of the twisted 
gamma factors j(s, cr£ x r,ip), where r is a tamely ramified character 
of F x . In we will define an analogous Whittaker function for a 
simple supercuspidal representation tt of SO^+i, which will allow us 
to compute the relevant Rankin-Selberg integrals for tt. 

In jAL14j . we explicitly computed 7 ( 5 , cr£ x r,ip): 

Lemma 4.1. [AL141 Lemma 3.14] Let r be a tamely ramified character 


ofGLi. Then 


7 (s,cxJ x T,ip) = T(-l) n 1 r(w)x(g x )q 1/2 s 


This result allows us to conclude (see (AL14) Remark 3.18]) that 
a simple supercuspidal of GL n . up to central character, can be dis¬ 
tinguished from any other supercuspidal of GL n by the above twisted 
7 -factors. 

5. The simple supercuspidal representations of S0 2e+ 1 

In this section we construct the simple supercuspidal representations 
of S0 2 e+i, and define an explicit Whittaker function for each simple 
supercuspidal. 

Let T = Tso 2t+ 1 denote the split maximal torus of S0 2 e+ 1 - Asso¬ 
ciated to T we have the set of affine roots T. Let X*(T) denote the 
character lattice of T, let T 0 be the maximal compact subgroup of T 0 , 
and set 


7i = (t G T 0 : A (t) E 1 + p VA G X*(T)). 


To each a E T we have an associated affine root group U a in G. 
Associated to the standard set of simple roots A so 2e+ i we have a set of 
simple affine II and positive affine roots T + . Set 


/=(T 0 ,R Q :«GT+), 

I + = (T 1 ,U a :aeV + ), 
I++ = (T u U a :« 6 f + \n). 


In terms of the Moy-Prasad filtration, if x denotes the barycenter of 
the fundamental alcove, then I — G x — G Xt0 ,I + = G x+ = G x i_, and 
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For -,ti+ 1 ) G o x /(l + p) x o x /(l + p) x • • • x o x /(l + p), we 

define a character 


X : / + -> C> 


h 


' i/ ‘2£ 1 

h i y ij)(tihi2 + t-2h-23 + • • • + tt-iht-i/ + tzXi /+1 + te+ 1——) 


w 


for h = ( h)ij G I + . These x’ s are called the affine generic characters 
of I + (see [GRIP , RYl3j ). The orbits of affine generic characters are 
parameterized by the set of elements in o x /(l + p), as follows. T n 
S0 2 £+i(o) normalizes I + , so acts on the set of affine generic characters 
by conjugation. Every orbit of affine generic characters contains one 
of the form (1,1,..., l,i), for t G o x /(l + p). Specifically, the orbit of 
(ti,t 2 , ti + f contains (1,1,..., 1, t), where t = ti qq ... t 2 - 
Instead of viewing the affine generic characters as parameterized by 
t G o x /(l + p), we will set t — 1 and let the affine generic characters be 
parameterized by the various choices of uniformizer in F. Since we have 
already fixed an (arbitrary) uniformizer ahead of time in §|2j we have 
therefore fixed an affine generic character x- The compactly induced 
representation n x : = ind^x is a direct sum of 2 distinct irreducible 
supercuspidal representations of S0 2 £ + 1 . They are parameterized ( G 
{ — 1,1}, as follows. Set 


9x = 



—he- i 



One can compute that g x normalizes / + , and that — 

x(h) \/h G I + . Set H' = (g x )I + . Since g x = 1, we may extend x to a 
character of H' in two different ways by mapping g x to ( G {—1,1}. 
Then the summands of 7T X are the compactly induced representations 


tt x := ind^xc 


where Xc(.9x^) = C ' x(h), where ( G {—1,1} and fe G / + . The 7r£’s are 
the simple supercuspidal representations of S0 2 £ + ±. 

To compute the Rankin-Selberg integrals, we need a Whittaker func¬ 
tion for 7r£. We note that Xc ( u ) = "0 (Si=i u i,i+i) for u G U ft J + , so 
the function 


(5.1) W{g) 


i>(u)xd9x)xd k ) if 9 = ug i x k eUso 2e+ d9x) I+ 

0 else 


lives in and is therefore a Whittaker function for 7 r£ with 

respect to 
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6. The computation of $(W, f s ) 

In this section, we compute one side of the functional equation (13,4j) 
that defines y(s, 7r x r, -0), where 7r is a simple supercuspidal represen¬ 
tation of SO 21 +I 1 and r is a tamely ramified character of GL\. 

We first note that since r is a character of GLi , <h(lT, f s ) simplifies 
to 


W(xjij(h))f s (h, 1 )clxdh, 


•'Uso 2 \SO 2 

Moreover, note that by (13.21) . 

= {(0 

We will pass between SO 2 and GLi when convenient. 
We now define f s G Vq° 2 (W(t, if -1 ), s) (see (13.31) 1 by 

(6.1) f s (h,a) = \det(h)\ s ~ 1/2 T(ah), 


where r{h) and det(h), mean r and det, applied to the upper left entry 
of h. The map aG f{g,a ) is easily seen to be in the Whittaker model 
VV(r, -0 -1 ) of r. 

Recall the Whittaker function W that we defined earlier (see (15.ip ) 
for tt£ = Ind^+^c- 

Lemma 6.1. If W (xj n /(h)) ^ 0, then x G I ++ and he 1 + p. 

Proof. Let h = diag(a, a -1 ) G S0 2 . Note that xj n .ff h) embeds in 
SO 21+1 as 


(a 'l 

ay Ig-i 

1 

h-i 

\ y' a -1 / 

By comparing lower left matrix entries, one can see that xji^(h) ^ 
Uso 2 e+i 9x^ + ■ Moreover, by comparing upper left matrix entries, one 
can see that if xj\j(h) G Uso 2e+1 I + , we must have that a G 1 + p. This 
implies immediately, by comparing first columns, that every entry in 
the column vector y is contained in p. □ 


Since r is tamely ramified, we obtain 
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Corollary 6.2. 

[ [_ W(xji/(ti))f s (hi 1 )dxdh = vol^Y^volil + p). 

JUso 2 \S0 2 j. V (M) 

Proof. By Lemma [6.11 and since Uso 2 = 1, we obtain 


Uso 2 \ so 2 


W(xji^(h))f s {h, 1 )dxdh 


W{xjij{h))f s {h , 1 )dxdh. 


■1 l+p J X(x,z) 

Since r is tamely ramified, f s (h, 1) = 1 V/i G l + p. Applying Lemma 
16.11 again, we have that 




W (xji t £(h))dxdh 


Since W\i++ 
as claimed. 




n/++ 


W (xji^(h))dxdh. 


1 , this last double integral equals vol(pY 1 vol( 1 + p), 

□ 


7. The computation of $*(W,f s ) 

In this section, we compute $*(W, f s ), for the same choice of W and 
f s as in £}6] Since r is a character of GLi, $*(IT, f s ) simplifies to 

= y(2s - l,r, A 2 , ip) [ [_ W(c 1 /xji/(h)5 0 u')M(T,s)f s (h~ 1 ,l)dxdh. 

JUso 2 \S0 2 

We note in particular that 



Lemma 7.1. In order that W(ci/xji t £(h)5 0 u>') Y 0? ^ must be that 
h~ l 6n?'(l + p), and that x E I ++ . 

Proof. We first note that if 
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then 


CljXj^tySoU' = 


/ 0 0 0 0 a \ 

0 —Ii-i 0 0 —ay 

0 0-10 0 

0 0 0 -h -1 0 

^a -1 0 0 y' 0 j 


Here (as in §E]), y G F l ~ l is a column vector, and y' G F l ~ l is a row 
vector. 

We now perform some matrix computations. If u = (u)ij G Uso 2t+1 
and k = (k)ij G J + , we get that 


ug x k= * 

\zukii zuk\2 • ■ • wk\ n 

In order that W(cijxjij(h)S 0 uj r ) ^ 0, we must have that C\jxj\ : t{fi)8 0 !jj' G 
U S o 2e+1 (g x ) I+ i b y definition of W. 

We first consider the double coset U so 2e+1 g x I + ■ bet us compare the 
last row of ci^xji^(h)5 0 oj' to the last row of ug x k. In particular, since 
fcn G 1 + p, we must have that a~ l G w ■ (1 + p). Since k\j G o for 
j > 2, we moreover require that every entry of y' (hence y) is in p. 

A similar type of computation shows that Ci } £xji t i(h)5 0 uj' ^ Uso 2 i+ 1 ^ + - 

□ 


We now have our main result. 

Theorem 7.2. 

7 (s,vr x r,-0) = x c ( 3 x )r(-w)g 1/2_s . 

Proof. We first note that since r is a character of GLi, we have that 
7(2s- 1 ,t, A 2 , if) = 1. 

Now let h = diag(a, a^ 1 ) G S0 2 , and suppose that W {c\ t txji^{h)5 0 u') 
0. By Lemma 17.11 we have that h G 1 + p and a -1 G w ■ (1 + p). In 
particular, we can write a = for some v G 1 + p. 

We now decompose ci^gxji^{h)8 0 u' in the double coset Uso 2t+1 gx^ + 
as 


/ 0 0 0 0 a \ 

0 —It -i 0 0 —ay 

0 0-10 0 

0 0 0 -I t _ i 0 

^a -1 0 0 y' 0 j 


ci,ixji,t{h)8 0 u>' 
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' W ' 


(v w y 



h-1 ay 

1 


1 



h-1 

/ 


\ v / 


This decomposition implies by Lemma 17711 that W (ci jxji^(h)S 0 uj r ) = 
Xc(fi'x)- Finally, one can see that M(t, s)f s (h~ 1 , 1) = /..(/i^ 1 ,!). Since 
the support of W forced h £ 1 + p, we have that / s (/i _1 ,1) = 1. 
Therefore, 


**{W,f 8 ) 

= f (_ W(c l jxj 1 j(h)5 0 u')M(T,s)f s (hr 1 ,l)dxdh 

Jso 2 dx (M) 

= vol(py~ l [ Xc(^x)|det(-tun _1 )| s_1/2 r(-wn“ 1 )d/i 

di+p 

= To/(p) £_1 x f (^ x )|det(w)| s_1/2 r(-w)uo/(l + p) 

= uo/(p) £_1 x f (c/ x )g 1/2_s T(-w)uo/(l + p), 

since r is tamely ramified. Combining this computation with Corollary 
16.21 and (13. 4 p , we have our result. □ 

We now compare the y(s, 7 t£ x t, "0) with the gamma factors of simple 
supercuspidal representations of GL 2 £. 

Corollary 7.3. The representations 7r£ of S0 2 e +1 and cr^ ofGL 2£ (that 
has trivial central character) share the same twisted gamma factors, 
where the twisting is over all tamely ramified characters r of GL\. 
That is, 

7 (s, X r, 0) = 7(s, <r£ x r, 0), 

for all tamely ramified characters r of GL\. 


Proof. This is just a matching of the gamma factors from Theorem 17.21 
and Lemma [4.11 □ 


8. Depth-preservation 

In this section, we briefly recall a conjecture about preservation of 
depth in the local Langlands correpsondence. We then show that if 
one assumes the conjecture, the representation Ind^’ff of W F that we 
constructed in JQis in fact the Langlands parameter of n). 

We recall that the depth of a representation ip : W' F —>- L G of the 
Weil-Dcligne group is defined as inf{r | (p(I s ) = 1 for all s > r}, where 
I s , s £ Q, is the filtration of the inertia subgroup / of W F . 
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Suppose that G is a tamely ramified p-adic group, and let <p : W' F — * 
L G be the Langlands parameter of a representation tt of G (F). It is 
conjectured that if p is sufficiently large, then depth( tt) = depth(<p). 

Corollary 8.1. Assume that the depth perservation conjecture holds. 
Then, for p sufficiently large, the Langlands parameter of tt = 7 t£ is 

In€ r J- 

Proof. Suppose, to the contrary, that the Langlands parameter : 

m 

Wp —» Sp(2£,C) GL(2£,C) is reducible. Write ip n = with 

i =1 

< pi : Wp —> GLipii , C). Since depthlipA E {— I a E N} U {0}, and since 
depth(p) = ^ by assumption, we see immediately that m = 1. 

We therefore conclude, in particular, that the functorial lift of tt to 
GL(2d,F) (under the embedding Sp{2t, C) GL(2£, C)) is supercus- 
pidal and has depth -b, so in fact is simple supercuspidal. We also note 
that this lift must have trivial central character since it is a lift from 
S0 2£+1 . By Corollary 17.31 and by |AL141 Remark 3.18], this lift must 
be <7^ (with trivial central character). The main result of |AL141 §3] 
says that the Langlands parameter of a £ is □ 
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